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Highlights:  

 The reason for the inhomogeneous ABL is theoretically investigated. 

 A new model coefficient is proposed for the standard k-ε turbulence model. 

 Horizontal homogeneity is maintained for both neutral and non-neutral ABL. 

 The proposed solution is evaluated by modeling the stratified ABL around a building. 
 

Abstract 

Including thermal stratification in CFD simulations of the atmospheric boundary layer 

(ABL) flow is important for a wide range of applications, from pollutant dispersion over wind 

energy farm performance to urban thermal microclimate. One of the most important 

prerequisites for accurate CFD simulations of thermally stratified ABL flow is horizontal 

homogeneity. Horizontal homogeneity refers to the absence of unintended streamwise gradients 
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in the approach-flow profiles of mean velocity, turbulence quantities and temperature when 

flowing from the inlet of the domain to the location of interest in the domain, over uniformly 

rough level terrain. This paper proposes a generic and consistent solution to maintain horizontal 

homogeneity in CFD simulations of Monin-Obukhov similarity theory (MOST) based stratified 

ABL flow. A new description is proposed for the coefficient 𝐶ఌଷ , which appears in the 

buoyancy term in the transport equation of the turbulence dissipation rate. This proposed 

solution is successfully demonstrated by simulations in an empty domain for four stability 

conditions (1/L = 1/152.4 m-1, 1/1071.7 m-1, 0 m-1 and -1/296.3 m-1), where the standard k-ε 

turbulence model with the new 𝐶ఌଷ is shown to well maintain the profiles of U, ε and T with 

only minor deviations for the k profiles. The performance of the turbulence model with the new 

𝐶ఌଷ is also illustrated by the flow around a rectangular building under thermal stratification. 

Keywords: Atmospheric boundary layer flow; Monin–Obukhov similarity theory; Thermal 

stratification; Horizontal homogeneity; Standard k-ε turbulence model; Computational fluid 

dynamics 

 

Nomenclature 

𝐶௣ thermal capacity of air ( = 1006.43) (Jkg-1K-1) 

𝐶𝜀1 constant in the standard k-ε turbulence model ( = 1.44) (-) 

𝐶𝜀2 constant in the standard k-ε turbulence model ( = 1.92) (-) 

𝐶ఓ constant in the standard k-ε turbulence model ( = 0.09) (-) 

𝑔 gravitational acceleration ( = 9.81) (ms-2) 

𝐺௞ production of turbulence kinetic energy due to mean velocity 
gradients (kgm-1s-3) 

𝐺௕ production of turbulence kinetic energy due to buoyancy (kgm-1s-3) 

H 

𝐻஽௢௠௔௜௡ 

building height ( = 100) (m) 

domain height (m) 

k turbulent kinetic energy (m2s-2) 

ε turbulent dissipation rate (m2s-3) 

ks equivalent sand-grain roughness height (m) 
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Cs roughness constant (-) 

𝑘ௌ
ା dimensionless equivalent sand-grain roughness height (-) 

L 

𝐿஽௢௠௔௜௡ 

Monin-Obukhov length (m) 

domain length (m) 

𝑃𝑟௧ turbulent Prandtl number ( = 0.85) (-) 

𝑞଴̇ convective heat flux at the ground surface (Wm-2) 

Re Reynolds number (-) 

Ri Richardson number (-) 

𝑆𝑐௧ turbulent Schmidt number ( = 0.70) (-) 

𝑆௜௝ strain rate tensor (s-1) 

Tinlet temperature profile at the inlet (K) 

𝑇଴ near-ground air temperature (K) 

𝑢∗ friction velocity (ms-1) 

𝑢௝  fluctuating velocity components (u, v, w,  j = 1, 2, 3) (ms-1) 

𝑈௥௘௙ reference velocity (ms-1) 

𝑈௝ time-averaged velocity components (U, V, W,  j = 1, 2, 3) (ms-1) 

x, y, z spatial coordinates in stream-wise (m), span-wise (m) and vertical 
directions (m) 

𝑧଴ aerodynamic roughness length (m) 

𝜃∗ scaling temperature (K) 

κ von Karman constant ( = 0.4186) (-) 

𝜇
𝑡
 turbulent viscosity (kgm-1s-1)  

σk constant in the standard k-ε turbulence model ( = 1.0) (-) 

σε constant in the standard k-ε turbulence model ( = 1.3) (-) 

𝜌 air density (kgm-3)  

𝜐 kinematic molecular viscosity (m2s-1) 
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𝜙௠ integrated form of the similarity function (-) 

𝜙ఌ integrated form of the similarity function (-) 

𝛹௠ integrated form of the similarity function (-) 

 

1. Introduction 

Thermal stratification in the atmospheric boundary layer (ABL) refers to temperature and 

density gradients with height. The associated ABL can be classified as unstable, neutral or stable. 

Thermal stratification in the ABL can strongly affect the vertical distribution of mean velocity 

and turbulence quantities. As such, it is of importance for various applications, from pollutant 

dispersion over wind farm performance to urban thermal microclimate [1,2]. 

Turbulence is generally enhanced in unstable conditions and suppressed in stable 

conditions. For example, for plume dispersion from an isolated stack, the effluent plume can 

exhibit fanning with little vertical spread in stable conditions, whereas, in unstable conditions, 

vertical spreading can be so pronounced that the pollutant reaches ground level [3]. The 

negative influence of thermal stratification in terms of air pollution is evident in wintertime, 

when pollutant dispersion tends to be constrained by stable thermal stratification or thermal 

inversion [4]. Thermal stratification can also substantially impact wind farm performance, 

where the channelling or wake decay brought about by stable thermal stratification may lower 

the energy production [5]. Stable stratification also amplifies the nocturnal urban heat island 

effect [6], which refers to the higher air temperature in urban areas compared to their rural 
counterparts. 

The thermal stratification in the ABL can be described based on the Monin–

Obukhov similarity theory (MOST), in which the Monin-Obukhov length L (hereafter referred 
to as MO length) is used to indicate the extent of the stability [7-10]: 

 𝐿 =
௨∗

మ
బ்

఑௚ఏ∗
 (1) 

where 𝑢∗ is the friction velocity (ms-1), κ the von Karman constant (generally 0.42 ± 0.01 [9, 

11-13]), 𝑇଴  the near-ground air temperature (K) and 𝑔  the gravitational acceleration (9.81 

ms-2). The scaling temperature 𝜃∗ is given by 

 𝜃∗ =
ି௤బ̇

ఘ஼೛௨∗
 (2) 
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where 𝑞଴̇ is the convective heat flux at the ground surface (Wm-2), which is positive when the 
corresponding vector is upwards, 𝜌 the air density (kgm-3) and 𝐶௣ the thermal capacity of air 

(1006.43 Jkg-1K-1). L is positive for stable stratification and negative for unstable stratification 

[11-14]. Because L is infinite in neutral conditions, in the present work 1
𝐿ൗ  is used to ensure 

a smooth transition from unstable conditions (negative) over neutral (zero) to stable conditions 

(positive), and to conveniently associate the MO length L with the Richardson number (Ri). 

The latter is frequently used to investigate the influence of buoyancy in problems at the scale 

of individual buildings or that of the urban canopy layer (UCL) or the roughness sublayer (RSL) 

[15-18]. 

Although MOST has quite some limitations, such as being an empirical method and a first-

order closure to turbulence [9], it is still widely used. It exhibits the advantage that it can 

describe the vertical profiles of mean streamwise velocity (U), turbulent kinetic energy (TKE, 

k), turbulence dissipation rate (TDR, ε) and mean temperature (T) as a function of the 
dimensionless height 𝑧

𝐿ൗ , and thereby give a complete boundary condition (hereafter referred 

to as the MOST boundary condition) that can be used for example for computational fluid 

dynamics (CFD) simulations of non-neutral ABL flow [9,11-14]. However, the actual 

successful and widespread use of the MOST boundary condition in CFD simulations is still 

impeded by the challenge of maintaining horizontal homogeneity in those simulations. 

Horizontal homogeneity implies that the profiles given at the inlet of a computational domain 

should not show any streamwise gradients while travelling from the inlet of the domain to the 

position where the objects of interest are located [19-21], when the upstream terrain is 

uniformly rough and level. In other words, the vertical inlet profiles, the approach-flow profiles 

and the incident profiles should be the same. Here, the approach-flow profiles are defined as 

those between the inlet plane and the position where the building model or any other model 

would be positioned, while the incident profiles are those at the position where the building or 

any other model would be positioned [19-26]. The vertical profiles of interest are those of U, k, 

and , and in case of non-neutral ABL flow, also temperature T. Horizontal homogeneity is 
typically tested in an empty computational domain with a level and uniformly rough ground 

surface [20-23,26]. 

Essentially, to maintain horizontal homogeneity in the CFD simulation of ABL flow, the 

boundary conditions, turbulence model and associated model constants must be consistent with 

one another [19-21]. Following a range of investigations on consistent CFD simulation for 

neutral conditions [13,19-21,24,27-31], other studies focused on non-neutral conditions. The 

efforts started by harmonizing the MOST boundary condition and the turbulence model by 

adding extra source terms in the turbulence model or/and modifying the constants of the 
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turbulence model [9,11-14]. However, it should be noted that in these previous studies, the 

proposed source terms always contain the MO length 𝐿 ; and that the turbulence model 

constants are determined according to the stability at the inlet [9,11-14]. In other words, the 

potential solutions proposed in these previous studies may be only applicable for the CFD 

simulations of the stratified ABL over uniformly rough flat terrain and cannot respond to the 

spatially varying temperature of the practical problem (when there are always irregular terrain 

topology and/or buildings in the area of interest in the domain), the implementation of these 

solutions may therefore be limited. A detailed literature review and an illustration on the 
characteristic of being spatially varying will be provided in the following Section. 

The present study aims to provide a new generic and more widely applicable solution that 

is able to maintain horizontal homogeneity in the CFD modeling of MOST-based stratified ABL 

flow. This solution should not only maintain the vertical profiles of U, k, ε and T over uniformly 

rough flat terrain, but also properly respond to the spatially varying temperature and coordinates 

in practical problems. The remainder of this paper is organized into four sections. Based on a 

brief introduction to the MOST boundary condition and the governing equations of RANS and 

the standard k- turbulence model, Section 2 presents the derivation of the formulation 
underlying the new solution. The differences with previous studies are also discussed. The new 

solution is tested and evaluated for an empty computational domain in Section 3. Section 4 

presents the application of the new solution for the CFD simulation of wind flow around a 

rectangular building under thermal stratification. Section 5 provides the summary and 

conclusions. 

 

2. Towards a new consistent formulation 

2.1. MOST boundary condition 

There are various but similar expressions of the MOST inlet boundary condition [10]. The 

most commonly used expressions adopted in previous studies [9,11-14] are also selected in the 

present work. The vertical profiles of U, k, ε and T based on MOST are given by: 

In stable conditions: 

 𝑈(𝑧) =
௨∗

఑
ቀ𝑙𝑛

௭

௭బ
+ 5

௭

௅
ቁ (3) 

 𝑘(𝑧) =
௨∗

మ

ඥ஼ഋ
ඨ

1 + 4
௭

௅

1 + 5
௭

௅

൙  (4) 
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 𝜀(𝑧) =
௨∗

య

఑௭
ቀ1 + 4

௭

௅
ቁ (5) 

 𝑇(𝑧) =
ఏ∗

఑
ቂ𝑙𝑛 ቀ

௭

௭బ
ቁ + 5

௭

௅
ቃ + 𝑇଴ −

௚

஼೛
𝑧 (6) 

In unstable conditions: 

 𝑈(𝑧) =
௨∗

఑
൬𝑙𝑛

௭

௭బ
− 𝑙𝑛 ൤ቀ

ଵାఞమ

ଶ
ቁ ቀ

ଵାఞ

ଶ
ቁ

ଶ

൨ + 2 𝑎𝑟𝑐𝑡𝑎𝑛 𝜒 −
గ

ଶ
൰ (7) 

 𝑘(𝑧) =
௨∗

మ

ඥ஼ഋ
ඩ

1 −
௭

௅

ቀ1 − 16
௭

௅
ቁ

ି଴.ଶହ൙ =
௨∗

మ

ඥ஼ഋ
ට𝜒 ቀ1 −

௭

௅
ቁ (8) 

 𝜀(𝑧) =
௨∗

య

఑௭
ቀ1 −

௭

௅
ቁ (9) 

 𝑇(𝑧) =
ఏ∗

఑
ቂ𝑙𝑛 ቀ

௭

௭బ
ቁ − 2𝑙𝑛 ቀ

ଵାఞమ

ଶ
ቁቃ + 𝑇଴ −

௚

஼೛
𝑧 (10) 

where  

 𝜒(𝑧) = ቀ1 − 16
௭

௅
ቁ

଴.ଶହ

 (11) 

Note that under neutral conditions, the profiles of U, k and  are the same to those 
recommended by Richards and Hoxey [19]: 

  𝑈(𝑧) =
௨∗

఑
𝑙𝑛

௭

௭బ
 (12) 

 𝑘(𝑧) =
௨∗

మ

ඥ஼ഋ
 (13) 

 𝜀(𝑧) =
௨∗

య

఑௭
 (14) 

 𝑇(𝑧) = 𝑇଴ −
௚

஼೛
𝑧 (15) 

Eq. (15) shows that under neutral conditions, the T profile has a gradient (the dry adiabatic lapse 
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rate) of 
௚

஼೛
=

ଽ.଼ଵ

ଵ଴଴଺.ସଷ
 (Km-1). For a horizontally homogeneous ABL flow over uniformly rough 

flat terrain, when the vertical temperature gradient is greater than the dry adiabatic lapse rate, 

the atmosphere is in unstable stratification; when the vertical temperature gradient is less than 

the adiabatic lapse rate, the atmosphere is stable. In most CFD simulations of neutral ABL flow, 

the energy equation is commonly left out, and temperature variations are thus neglected. 

 

2.2. RANS and the standard k-ɛ equations  

In the present work, CFD simulations are carried out using the steady Reynolds-averaged 

Navier-Stokes (RANS) approach, as it is still widely used for many practical ABL flow 

problems [32]: 

 
డఘ

డ௧
+ 𝜌

డ௎೔

డ௫೔
= 0 (16) 

 
డ(ఘ௎೔)

డ௧
+

డ

డ௫ೕ
൫𝜌𝑈௜𝑈௝൯ = −

డ௉

డ௫೔
+

డ

డ௫ೕ
൤𝜇 ൬

డ௎೔

డ௫ೕ
+

డ௎ೕ

డ௫೔
൰ − 𝑢௜𝑢௝൨ + 𝑆ெ௜ (17) 

 
డ(ఘ்)

డ௧
+

డ

డ௫ೕ
൫𝜌𝑇𝑈௝൯ =

ఒ

஼೛
∙

డ

డ௫ೕ
൬

డ்

డ௫ೕ
൰ (18) 

where SMi is the source term (kgm-2s-2) and 𝜆 the thermal conductivity (Wm−1K−1). The present 
study assumes that the Reynolds stress terms 𝑢௜𝑢௝ are modeled by the standard k-ε turbulence 

model [33,34]. The corresponding transport equations for k and ε are: 

 
డ

డ௧
(𝜌𝑘) +

డ

డ௫ೕ
൫𝜌𝑘𝑈௝൯ =

డ

డ௫ೕ
൬

ఓ೟

ఙೖ
∙

డ௞

డ௫ೕ
൰ + 𝐺௞ − 𝜌𝜀 (19) 

 
డ

డ௧
(𝜌𝜀) +

డ

డ௫ೕ
൫𝜌𝜀𝑈௝൯ =

డ

డ௫ೕ
൬

ఓ೟

ఙഄ
∙

డఌ

డ௫ೕ
൰ + 𝐶ఌଵ

ఌ

௞
𝐺௞ − 𝐶ఌଶ𝜌

ఌమ

௞
 (20) 

In Eqs (19) – (20), the time derivative terms are removed in view of steady RANS modeling. 

In Eqs (19) and (20): 

 𝜇௧ = 𝜌𝐶ఓ
௞మ

ఌ
 (21) 

 𝐺௞ = 𝜇௧൫2𝑆௜௝𝑆௜௝൯ (22) 
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 𝑆௜௝ =
ଵ

ଶ
൬

డ௎೔

డ௫ೕ
+

డ௎ೕ

డ௫೔
൰ (23) 

In these equations, 𝜇௧  is the turbulent viscosity (kgm-1s-1), Gk the production of 
turbulence kinetic energy due to the mean velocity gradients (kgm-1s-3), 𝑆௜௝  the strain rate 

tensor (s-1), and the standard values for the constants are Cμ = 0.09, Cɛ1 = 1.44, Cɛ2 = 1.92, σk = 

1.0, σε = 1.3 [33,34]. When the buoyancy effect is taken into account, the production of k due 

to buoyancy (Gb) should be added to the right-hand side of the k transport equation (i.e., Eq. 

(19)). In the CFD simulation of the ABL, Gb is rewritten based on the adiabatic lapse rate [12-

14] and given by 

 𝐺௕ = −𝑔
ఓ೟

௉௥೟
∙

ଵ

்
∙

డ

డ௭
൬𝑇 +

௚

஼೛
𝑧൰ (24) 

where Prt is the turbulent Prandtl number (0.85 in the present work). The term to be added to 

the  equation (Eq. (20)) is: 

 𝐶ఌଵ𝐶ఌଷ
ఌ

௞
𝐺௕ (25) 

The definition of 𝐶ఌଷ is not clear and varies across different CFD software packages. For 

example, OpenFOAM gives 𝐶ఌଷ a default value of 0.33 [35]. Whereas in Ansys Fluent 19.0, 

𝐶ఌଷ is calculated by tanh ቚ
ௐ

௎
ቚ, in which W is the vertical velocity component and 𝑈 is the 

horizontal velocity component, assuming the lateral velocity component V is zero [36]. It should 

be noted that herein U and W are spatially varying, i.e. U and W are expected to be constant at 

a given height in the empty domain but will be varying when an obstacle is present in the 
computational domain or in case of unlevel terrain.  

For steady RANS simulations with the standard k- model of a horizontally homogeneous 
stratified ABL flow over uniformly rough flat terrain, the following conditions need to apply 

[19]: (i) the vertical velocity is zero; (ii) the static pressure is constant in the streamwise 

direction; (iii) the shear stress along the domain length is constant. With these conditions, Eqs. 

(19) and (20) can be simplified to: 

 
డ

డ௭
ቂቀ

ఓ೟

ఙೖ
ቁ

డ௞

డ௭
ቃ + 𝐺௞ + 𝐺௕ − 𝜌𝜀 = 0 (26) 

 
డ

డ௭
ቂቀ

ఓ೟

ఙഄ
ቁ

డఌ

డ௭
ቃ + 𝐶ఌଵ

ఌ

௞
(𝐺௞ + 𝐶ఌଷ𝐺௕) − 𝐶ఌଶ𝜌

ఌమ

௞
= 0 (27) 
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In the present work, the analytical solution of each term in turbulent transport equations 

(Eqs. (26) and (27)) is calculated. Starting from neutral conditions (recalling Eqs. (12) – (15), 

i.e. the MOST boundary condition under neutral conditions), inserting Eqs. (12) – (14) in Eq. 

(22), the analytical solution of 𝐺௞ is: 

 𝐺௞ = 𝜇௧ ቀ
డ௎

డ௭
ቁ

ଶ

=
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௭
 (28) 

and 𝜌𝜀 is: 

 𝜌𝜀 =
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௭
 (29) 

Note that in neutral conditions, inserting Eq. (15) in Eq. (24) yields that the production of 

k due to buoyancy (Gb, Eq. (24)) is zero, which is: 

 𝐺௕ = −𝑔
ఓ೟

௉௥೟
∙

ଵ

்
∙

డ

డ௭
(𝑇଴) = 0 (30) 

It should be emphasized that Eqs. (12) – (15) only satisfy Eq. (27) if the turbulence model 
constants (𝐶ఓ, 𝐶ఌଵ, 𝐶ఌଶ, 𝜎ఌ) are determined in such a way that Eq. (31) is satisfied [19,20]:  

 𝐶ఌଶ − 𝐶ఌଵ =
఑మ

ఙഄ∙ඥ஼ഋ
 (31) 

Eq. (31) is also satisfied for the non-neutral conditions investigated in the present work. 

For a horizontally homogeneous stratified ABL flow over uniformly rough flat terrain, in 

stable conditions (recalling Eqs. (3) – (6), i.e. the MOST boundary condition under stable 

conditions), following the same procedure as above, inserting Eqs. (3) – (5) in Eq. (22), the 

analytical solution of 𝐺௞ is: 

 𝐺௞ = 𝜇௧ ቀ
డ௎

డ௭
ቁ

ଶ

=
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௭
∙ ቀ1 + 5

௭

௅
ቁ (32) 

and 𝜌𝜀 is: 

 𝜌𝜀 =
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௭
∙ ቀ1 + 4

௭

௅
ቁ (33) 

Inserting Eq. (6) in Eq. (24), the analytical solution of Gb is: 
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 𝐺௕ = −𝑔
ఓ೟

௉௥೟
∙

ଵ

்
∙

డ

డ௭
൬𝑇 +

௚

஼೛
𝑧൰ = −

ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௅
 (34) 

Under stable conditions, Gb is negative and tends to suppress the turbulence [9,11,12]. 

Note that the ratio of Gb and Gk is the same as the definition of the Ri number, and the 

analytical solution of the Ri number under stable conditions thus can be obtained, as shown in 
Eq. (35). The MO length and Ri number are therefore related as follows: 

 𝑅𝑖 = −
௚

ఘ

డఘ డ௭⁄

ቂ
ങೆ

ങ೥
ା

ങೇ

ങ೥
ቃ

మ = −
ீ್

ீೖ
=

೥

ಽ

ଵାହ
೥

ಽ

 (35) 

where 𝑈 𝑎𝑛𝑑 𝑉 denote the two horizontal velocity components. According to Eq. (35), the Ri 

number in stable conditions is positive. Inserting Eqs. (3) – (6) into Eq. (27), the left-hand side 

of Eq. (27) becomes: 

 
డ

డ௬
ቂቀ

ఓ೟

ఙഄ
ቁ

డఌ

డ௭
ቃ + 𝐶ఌଵ

ఌ

௞
(𝐺௞ + 𝐶ఌଷ𝐺௕) − 𝐶ఌଶ𝜌

ఌమ

௞
 ≈ 

 −
ଵ

ఙഄ
∙ 𝜌𝑢∗

ସ ∙
ଵ

௭మ
∙ ൝ቆ

5
௭

௅

1 + 5
௭

௅

൙ ቇ

ଶ

+ 5.5
௭

௅
+ 4.473 ቀ

௭

௅
ቁ

ଶ

+
஼ഄభ஼ഄయ

(𝐶ഄ2−𝐶ഄ1)
∙ ൤

௭

௅
+ 4.5 ቀ

௭

௅
ቁ

ଶ

൨ൡ (36) 

For a horizontally homogeneous ABL flow under stable conditions over uniformly rough flat 

terrain, Eq. (36) should be zero, 𝐶ఌଷ thus should have the analytical solution described by Eq. 
(37): 

 𝐶ఌଷ =
𝐶ഄ1−𝐶ഄ2

஼ഄభ
∙

൭
ହ

೥

ಽ

ଵାହ
೥

ಽ

൙ ൱

మ

ାହ.ହ
೥

ಽ
ାସ.ସ଻ଷቀ

೥

ಽ
ቁ

మ

೥

ಽ
ାସ.ହቀ

೥

ಽ
ቁ

మ  (37) 

In unstable conditions (recalling Eqs. (7) – (11), i.e. the MOST boundary condition under 

unstable conditions), inserting Eqs. (7) – (9) in Eq. (22), the analytical solution of 𝐺௞ is: 

 𝐺௞ = 𝜇ఛ ቀ
డ௎

డ௭
ቁ

ଶ

=
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௭ఞ
 (38) 

And that of 𝜌𝜀 is: 

 𝜌𝜀 = 𝜌
௨∗

య

఑௭
ቀ1 −

௭

௅
ቁ =

ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ଺

௅
∙

ଵ

ଵିఞర
−

ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௅
 (39) 
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Inserting Eq. (10) in Eq. (24), the analytic solution of Gb (under unstable conditions) is: 

 𝐺௕ = −
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௅ఞ
 (40) 

Under unstable conditions, Gb is positive and tends to enhance the turbulence [9,11,12]. 

Note that in neutral and stable conditions, (𝐺௞ + 𝐺௕) is equal to 𝜌𝜀, rendering Eq. (26) 

satisfied, whereas in unstable conditions, (𝐺௞ + 𝐺௕) does not equal 𝜌𝜀. Although the impact 

of the term 
డ

డ௭
ቂቀ

ఓ೟

ఙೖ
ቁ

డ௞

డ௭
ቃ under unstable conditions cannot be neglected as is the case in stable 

conditions, its value still cannot fully cover the discrepancy due to 𝐺௞ + 𝐺௕ − 𝜌𝜀. In the present 

work, to cover the discrepancy in Eq. (26) under unstable conditions without changing the 

corresponding profiles of U, k or T (based on MOST), the 𝜀 profile is slightly modified as 
described in Eq. (41). Following the same procedure of obtaining Eqs (38) and (40), the 

analytical solutions of 𝐺௞ and 𝐺௕ (under unstable conditions) based on the modified 𝜀 are 
as shown in Eqs. (42) and (43). 

 𝜀(𝑧) =
௨∗

య

఑௭
ቀ1 −

௭

௅
ቁ ∙ 𝜒ି଴.଺ଶହ (41) 

 𝐺௞ = 𝜇ఛ ቀ
డ௎

డ௭
ቁ

ଶ

=  
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ଺

௅ఞబ.యళఱ
∙

ଵ

ଵିఞర
=  

ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௭ఞబ.యళఱ
 (42) 

 𝐺௕ = −𝑔
ఓ೟

௉௥೟
∙

ଵ

்
∙

డ

డ௭
൬𝑇 +

௚

஼೛
𝑧൰ = −

ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௅ఞబ.యళఱ
 (43) 

The Ri number, as expressed in Eq. (44), under unstable conditions is negative. 

 𝑅𝑖 = −
ீ್

ீೖ
=

௭

௅
 (44) 

Again, inserting Eqs. (7) – (11) into Eq. (27), the left-hand side of Eq. (27) becomes: 

 
డ

డ௬
ቂቀ

ఓ೟

ఙഄ
ቁ

డఌ

డ௭
ቃ + 𝐶ఌଵ

ఌ

௞
(𝐺௞ + 𝐶ఌଷ𝐺௕) − 𝐶ఌଶ𝜌

ఌమ

௞
 ≈

ଵ

ఙഄ
∙ 𝜌𝑢∗

ସ ∙
ଵ

௭మ
∙ 

൤
ଷఞାఞషయ

ସ
+

൫ଵିఞర൯
మ

ସ଴ଽ.଺
ቀ

ସହ

ఞళ
−

ଵ

ఞయ
ቁ +

஼ഄభ

஼ഄమି஼ഄభ
ቀ1 −

௭

௅
ቁ

଴.ହ

𝜒ିଵ.ହ −
஼ഄమ

஼ഄమି஼ഄభ
ቀ1 −

௭

௅
ቁ

ଵ.ହ

𝜒ିଵ.଻ହ −
஼ഄభ஼ഄయ

(𝐶ഄ2−𝐶ഄ1)
∙

௭

௅
ቀ1 −

௭

௅
ቁ

଴.ହ

𝜒ିଵ.ହ൨  (45) 

Recalling Eq. 11: 
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 𝜒(𝑧) = ቀ1 − 16
௭

௅
ቁ

଴.ଶହ

 (11) 

For a horizontally homogeneous ABL flow under unstable conditions over uniformly 

rough flat terrain, Eq. (45) should be zero, 𝐶ఌଷ  thus should have an analytical solution 
described by Eq. (46): 

 𝐶ఌଷ =
𝐶ഄభ−𝐶ഄమ

஼ഄభ
∙

యഖశഖషయ

ర
ା

൫భషഖర൯
మ

రబవ.ల
൬

రఱ

ഖళି
భ

ഖయ൰ା
಴ഄభ

಴ഄమష಴ഄభ
ቀଵି

೥

ಽ
ቁ

బ.ఱ
ఞషభ.ఱି

಴ഄమ
಴ഄమష಴ഄభ

ቀଵି
೥

ಽ
ቁ

భ.ఱ
ఞషభ.ళఱ

ି
೥

ಽ
ቀଵି

೥

ಽ
ቁ

బ.ఱ
ఞషభ.ఱ

 (46) 

 

2.3. Determination of 𝑪ఌ𝟑 

The failure of maintaining horizontal homogeneity is attributed to the incompatibility or 

inconsistency between the MOST boundary condition and the standard k-ε equations. A tiny 

deviation at the inlet can grow dramatically along the streamwise direction [20]. In the 

governing equation for k, the discrepancy can be compensated by rewriting the temperature 

gradient in 𝐺௕ based on the dry adiabatic lapse rate, as given by Eq. (24). The discrepancy due 

to the derivative of ቀ
ఓ೟

ఙೖ
ቁ

డ௞

డ௭
 has a slight influence under stable conditions; whereas, in unstable 

conditions, the discrepancy due to the derivative of ቀ
ఓ೟

ఙೖ
ቁ

డ௞

డ௭
 cannot be ignored, the profile of ε 

(under unstable conditions) is thus modified, as explained above and described by Eq. (41). 

However, how to handle the discrepancy in the ε governing equation is still unclear. 

Pieterse and Harms [12] tried to achieve horizontal homogeneity in the profiles of mean velocity, 

turbulence properties and temperature for the stratified ABL flow by modifying the turbulence 
model constants (൫𝐶ఓ , 𝐶ఌଵ , 𝐶ఌଶ , 𝜎௞  , 𝜎ఌ൯ = (0.0333 , 1.176 , 1.92 , 1.44 , 1.0 , 1.3) ) in the ε 

governing equation. The new model constants still satisfy the relation recommended by 

Richards and Hoxey [19]. In the governing equation for ε, Pieterse and Harms neglected the 

influence of the term 
ఌ

௞
𝐺௕ by giving 𝐶ఌଷ a nil value. 

Other studies suggested a 𝐶ఌଷ depending on the stability at the inlet. The value of 𝐶ఌଷ 

suggested by Chang et al. [14] was -0.8 in stable conditions and 0.72 in unstable conditions, 

whereas Alinot and Masson recommended 3.4 for stable and -4.4 for unstable conditions [9]. 

Based on the analytical solutions of the simplified turbulent transport equations, Temel and van 

Beeck gave a more complicated function of 𝐶ఌଷ as described by Eq. (47) [13]: 
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 𝐶ఌଷ =
௅థ೘

఑௭ ഄ
[𝐶ఌଵ(𝜙௠ − 1) − 𝐶ఌଶ(𝜙ఌ − 1)] (47) 

In stable conditions: 

 𝜙௠ = 1 + 5
௭

௅
 (48) 

 𝜙ఌ = 1 + 4
௭

௅
 (49) 

In unstable conditions: 

 𝜙௠ = ቀ1 − 16
௭

௅
ቁ

ି଴.ଶହ

 (50) 

 𝜙ఌ = 1 −
௭

௅
 (51) 

Eqs. (47) – (51) indicate that 𝐶ఌଷ does not exhibit vertical uniformity, however, the proposed 

𝐶ఌଷ  is still a function of the MO length L and the vertical coordinate, indicating that it is 
dependent on the stability at the inlet. In addition, such coefficient may be only applicable to 

the CFD simulations of the stratified ABL over uniformly rough flat terrain. In practical 

problem when there are often irregular terrain topology, buildings, or other obstacles, 𝑧 or 𝜙ఌ 

(in the denominator) may be zero. In short, 𝐶ఌଷ should be irrespective of the stability at the 
domain inlet (i.e. 𝐶ఌଷ should not depend on the MO length L or the vertical coordinate z). 

The analytical solutions of 𝐶ఌଷ  obtained in the present work (Eq. (37) for stable 

conditions and Eq. (46) for unstable conditions) show that for the horizontally homogeneous 

stratified ABL, the coefficient 𝐶ఌଷ should always consist of 
𝐶ഄభ−𝐶ഄమ

஼ഄభ
 and a function of the Ri 

number. Drawing on the work by Henkes et al. [37] (in their work, 𝐶ఌଷ  is calculated by 

tanh ቚ
ௐ

௎
ቚ) and according to the curves as shown in Fig. 1 (two stable and one unstable example 

conditions are considered in the present work, the corresponding values of 𝐿 are 152.4 m, 

1071.7 m and -296.3 m, respectively), based on a mathematical observation, a hyperbolic 

function sech is selected as such hyperbolic function always has a positive value (no more than 

1) for all real numbers, and in addition, has a similar tendency to the curves calculated by Eq. 

(37) and Eq. (46). The new description of the coefficient 𝐶ఌଷ then has a form of 
𝐶ഄభ−𝐶ഄమ

஼ഄభ
∙ 𝐴 ∙
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𝑠𝑒𝑐ℎ(𝐵 ∙ 𝑅𝑖). The constants A and B are determined by curve fitting. This work finally proposes 
a new description of the coefficient 𝐶ఌଷ given by 

 𝐶ఌଷ =
𝐶ഄభ−𝐶ഄమ

஼ഄభ
∙ 5.8 ∙ 𝑠𝑒𝑐ℎ(10𝑅𝑖) (52) 

The comparison between the coefficient 𝐶ఌଷ  calculated by Eq. (37) (under stable 
conditions) or Eq. (46) (under unstable conditions) and that by Eq. (52) is shown in Fig. 1. The 

coefficient 𝐶ఌଷ proposed in the present work is always negative and has a maximum absolute 

value of 1.933. Note that the horizontal velocity gradient in 𝑅𝑖 is expressed as the algebraic 

sum of 𝜕𝑈 𝜕𝑧⁄  and 𝜕𝑉 𝜕𝑧⁄ . For a stratified ABL flow over uniformly rough flat terrain, the 

analytical solution of Ri is 
5

௭

௅

1 + 5
௭

௅

൙  in stable condition or 
௭

௅
 in unstable condition. It should 

be emphasized that the Ri number in Eq. (52) is spatially varying (based on the spatially varying 

velocity components and temperature, i.e. are varying in the practical problem) and different 

from that determined by the MOST boundary condition at the inlet.  
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Fig. 1. The comparison of 𝐶ఌଷ between that calculated by Eq. (37) (under stable condition) or 

Eq. (46) (under unstable condition) and by Eq. (52). 
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In the energy equation, a source term should be added due to the use of a compressible 
fluid [12], which is: 

 𝑆ா௡௘௥௚௬ =
డ

డ௫೔
ቀ−

𝜇𝑡∙𝑔

௉௥೟
ቁ (53) 

2.4. Wall roughness for the stratified ABL flow 

To maintain horizontal homogeneity in neutral conditions, equations relating the 

equivalent sand-grain roughness height 𝑘௦ and the roughness constant 𝐶௦ to the aerodynamic 

roughness length z0 were recommended by Blocken et al. [20]. For Ansys Fluent, this relation 
is: 

 
௞ೞ஼ೄ

௭బ
= 9.793 (54) 

It emerges from the momentum wall function in Ansys Fluent, which, when 𝐶௦𝑘ௌ
ା ≫ 1, is given 

by [20]:  

 
௎ು

௨∗
=

ଵ

఑
𝑙𝑛 ൬

௨∗௭ು

జ஼ೄ௞ೄ
శ൰ + 5.43 (55) 

Where the nondimensional roughness height 𝑘ௌ
ା is 

 𝑘ௌ
ା = 𝑢∗𝑘௦ 𝜐⁄  (56) 

More information can be found in Blocken et al. [20]. Following the same procedure, for 

Eq. (55), a perfect match with Eq. (3) (the mean streamwise velocity under stable conditions) 

or Eq. (7) (the mean stream-wise velocity under unstable conditions) can be obtained, yielding 

 
௞ೞ஼ೄ

௭బ
= 𝑒ହ.ସଷ఑ାఅ೘(௭ು,௭బ,௅) (57) 

𝛹௠ depends on the stability of the ABL. In stable conditions: 

 𝛹௠ (𝑧௉) =
௨∗

఑
ቀ𝑙𝑛

௭ು

௭బ
+ 5

௭ು

௅
ቁ (58) 

In unstable conditions: 

 𝛹௠ (𝑧௉) =
௨∗

఑
൬𝑙𝑛

௭ು

௭బ
− 𝑙𝑛 ൤ቀ

ଵାఞమ

ଶ
ቁ ቀ

ଵାఞ

ଶ
ቁ

ଶ

൨ + 2 𝑎𝑟𝑐𝑡𝑎𝑛 𝜒 −
గ

ଶ
൰ (59) 
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The value of 𝛹௠(𝑧௉, 𝑧଴, 𝐿) will very slightly affect the actual friction velocity in the wall-

adjacent cells. Therefore, the equivalent sand-grain roughness height 𝑘௦ and the roughness 

constant 𝐶௦ recommended by Blocken et al. [20] can still be used. 

 

3. Evaluation of the new formulation in an empty domain 

3.1. Computational domain and mesh 

The empty 2D computational domain for evaluation of the new formulation is 

schematically depicted in Fig. 2. Its dimensions are 𝐿஽௢௠௔௜௡ × 𝐻஽௢௠௔௜௡ = 5000 × 500 m². 

The computational cost is not the prime concern in the horizontal homogeneity tests, the 2D 

domain is therefore discretized by a structured mesh where the wall-adjacent cells, namely the 

first layer of cells above the ground surface, have a uniform height of 0.5 m (this cell height is 

determined through jointly considering the mesh resolution and the effect of wall functions on 

horizontal homogeneity, further information can be found in [20]). In the vertical direction, the 

part of the domain below 100 m is divided into 53 intervals, with a growth ratio of 1.04 between 

adjacent cells and a maximum height of 4.7 m. In the domain above 100 m, the cells have a 

uniform height of 5 m. In the horizontal direction, the domain is divided into 2500 intervals, 
with a minimum length of 0.5 m and a maximum length of 5.2 m. 

 

Fig. 2. 2D computational domain and boundary conditions for the horizontal homogeneity 

test. 

3.2. Boundary conditions 

The vertical temperature gradient of the dry adiabatic lapse rate under neutral conditions 

indicates that the compressible ideal gas should be used. Dynamic viscosity, molecular weight, 
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thermal capacity and thermal conductivity are 1.7894×10-5 kgm-1s-1, 28.966 gmol-1, 1006.43 
Jkg-1K-1 and 0.0242 Wm-1K-1, respectively. 

At the inlet, a velocity inlet boundary condition is used, which implies imposing vertical 

profiles of mean velocity U, turbulence quantities k and  and temperature T according to Eqs. 
(3) - (15). The work by Pieterse and Harms [12] is referenced in determining the inlet profiles. 

Please note that in their work, the reference height was taken as 10 m, whereas in the present 

work, for the convenience of comparing different stabilities and later modeling of the ABL flow 

around a rectangular building, a constant reference velocity of 15 ms-1 is set at the height of 125 

m. Additionally, in the present work, four stability conditions are considered, the corresponding 

values of 1
𝐿ൗ  are 1/152.4 m-1, 1/1071.7 m-1, 0 m-1 and -1/296.3 m-1, respectively.  

Because a compressible fluid is being used, a pressure outlet condition is employed at the 

outlet edge, which means that a static pressure profile is imposed. The pressure profile at the 

outlet can be obtained from that at the inlet edge after an initial iteration. The flow pattern is 

found to be very susceptible to the pressure distribution at the outlet. As an alternative solution, 

a velocity inlet boundary condition can be used at the outlet: only the mean wind speed profile 

is required, which is the same as that at the inlet. Profiles of k, ε and T can also be added but 

this is not mandatory. The final static pressure pattern obtained from the two strategies is the 

same. At the ground surface, the standard wall functions by Launder and Spalding [34] with 

sandgrain-based roughness modification by Cebeci and Bradshaw [38] are applied. At the top 

edge, also a velocity inlet boundary condition is imposed with the values of k and  from the 
inlet profiles at this specific height (i.e. 500 m) [20,39]. 

Detailed information on the boundary conditions is listed in Table 1, and the corresponding 

Pasquill classes [40] are also given. The profiles at the inlet for the four stabilities are shown in 

Fig. 3. 
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Table 1 

All investigated cases. 

𝑢∗ 𝑈௥௘௙ 𝑧଴ ks Cs 𝑞଴̇ 𝑇଴ 1
𝐿ൗ  

Stability 
Pasquill 

class (m s-1) (m s-1) (m) (m) ( - ) (W m-2) (K) (m-1) 

0.464 

15.00 0.01 0.196 0.5 

-57.0 

298.15 

1

152.4
 Stable E 

0.627 -20.0 
1

1071.7
 Stable E 

0.666 0.0 0 Neutral D 

0.721 110.0 
−1

296.3
 Unstable C 
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Fig. 3. Inlet profiles under four investigated thermal stratifications a) U; b) T; c) k; d) ε. 

 

3.3. Other numerical settings  

The 2D steady RANS equations are solved with the standard k-ε model for closure. The 
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solver is Ansys Fluent 19.0. Pressure is discretized with the body force weighted scheme; other 

properties are discretized with second-order upwind schemes. As the compressible fluid and 

extra source terms are introduced, the Coupled method is used for coupling pressure and 

velocity. The scaled residuals are used to judge convergence; they are set at 1 × 10-6. 

 

3.4. Results and error analysis 

To judge horizontal homogeneity, the vertical profiles at the inlet, 100 m, 500 m, 1000 m, 

2500 m and 5000 m are compared (Fig. 4a-d – 7a-d). According to Eq. (60), where 𝜑௜௡௟௘௧ 

denotes U, k, ε or T at the inlet and 𝜑௫ denotes the corresponding variable at a specific place 

in the domain downstream of the inlet, errors at 2 m and 20 m height are calculated and they 

are shown in Fig. 4e – 7e. 

 𝑒𝑟𝑟𝑜𝑟 = 100 ∙ ቚ
ఝೣିఝ೔೙೗೐೟

ఝ೔೙೗೐೟
ቚ (60) 

The deviations of U, k, ε and T are given in Table A1. Although the errors are not zero, the 

profiles of U, ε and T are nevertheless well maintained; only the k profiles exhibit some minor 

deviations, but for all tested stabilities, the errors of k at heights of 2 m and 20 m are no more 

than 5%; while for the stable and neutral conditions, these k errors are less than 2% for the 
entire computational domain, as shown in Fig. 4e – 7e. 

The remaining errors may be attributed to: (i) the discretization schemes of the software; 

(ii) the discrepancy in the governing equation of k (Eq. (26)) due to the term 
డ

డ௭
ቂቀ

ఓ೟

ఙೖ
ቁ

డ௞

డ௭
ቃ , 

especially in unstable conditions; (iii) the discrepancy in the governing equation for ε (Eq. (27)), 

which is not perfectly covered by the buoyancy term with the proposed 𝐶ఌଷ. 

The values of k in the near-wall region also exhibit a slight oscillation but within a minimal 

range; the values of k are not always larger or smaller than that at the inlet, which suggests that 

there is no major inconsistency between the MOST boundary condition and the modified 

standard k-ε turbulence model but the software’s discretization strategy or algorithm may result 

in the inhomogeneity; otherwise the deviation would be expected to grow as the profiles travel 
through the domain. 
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Fig. 4. Comparison of vertical profiles under the stable condition 1/L = 1/152.4 m-1: a) U; b) 

T; c) k; d) ε; e) errors of k at 2 m and 20 m height. 
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Fig. 5. Comparison of vertical profiles under the stable condition 1/L = 1/1071.7 m-1: a) U; b) 

T; c) k; d) ε; e) errors of k at 2 m and 20 m height. 
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Fig. 6. Comparison of vertical profiles under the neutral condition 1/L = 0 m-1: a) U; b) T; c) 

k; d) ε; e) errors of k at 2 m and 20 m height. 
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Fig. 7. Comparison of vertical profiles under the unstable condition 1/L = -1/296.3 m-1: a) U; 

b) T; c) k; d) ε; e) errors of k at 2 m and 20 m height. 
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4. Evaluation of the new formulation for wind flow around an isolated rectangular 
building 

4.1. Computational domain, mesh and other settings 

As discussed before, adding a new term in the turbulence model equations (i.e. the 

equation for ε in the present work) brings about a potential clash in practical CFD simulations, 

especially when there is the presence of an obstacle and/or a vertical temperature gradient 

(although in the coefficient 𝐶ఌଷ  proposed in the present work, all variables are spatially 
varying). Therefore, the flow around a rectangular building under thermal stratification is 

further studied in the present work. The rectangular building will act as the obstacle. Along with 

the separation, reattachment, stagnation and recirculation of the flow around the building, the 
vertical temperature gradient around the building is also subject to change. 

(a) 

(b) 
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Fig. 8. 3D computational domain and computational grid on the building surfaces and on the 

ground, lateral and back faces of the domain. 

 

The 3D computational domain and mesh are established based on the best practice 

guidelines [41, 42]. The computational domain has dimensions 1550 m (length) ×  950 m 

(width) × 500 m (height), as shown in Fig. 8(a). The building has dimensions 50 m (length) 

× 100 m (width) × 100 m (height, H). It is positioned at 500 m from the inlet, as shown in 
Fig. 8(b). The Cartesian coordinate system is defined with the origin at the building bottom. A 

completely structured mesh is built: the mesh is extruded from the bottom surface; the wall-

adjacent cells, namely the first layer of cells to the bottom, have a uniform normal height of 0.5 

m; the first layer of cells normal to the building surfaces has a uniform normal height of 0.2 m; 

the mesh at the height of 200 m is particularly refined with a size of 0.2 m. The growth ratio 

between adjacent cells (in all three directions) is no more than 1.1. The total number of cells is 

6,378,960. 

The four degrees of stability used in Section 3 (1/152.4 m-1, 1/1071.7 m-1, 0 m-1 and -

1/296.3 m-1) are also applied here. The boundary conditions at the inlet, outlet, top and bottom 

surfaces are the same as in Section 3. The pressure distribution at the pressure outlet surface is 

obtained as in Section 3. Periodic boundary conditions are employed at the lateral surfaces of 

the domain. Building surfaces are set to be adiabatic. Detailed boundary conditions are listed 
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in Table 1. The standard k-ε model with the new 𝐶ఌଷ is used. The code for the ε source term 

with the new 𝐶ఌଷ is presented in Appendix B, please note that this code is strongly subject to 

the CFD software package. The other numerical settings including discretization schemes are 

the same as those in Section 3. For all variables, the scaled residuals used to judge convergence 

are set at 1 × 10-6. 

4.2. Results and discussion 

The flow fields in the XZ plane (y = 0.0) under the four investigated stabilities are shown 

in Fig. 9. The most obvious difference lies in the downstream area of the building: as the 

stability varies from stable over neutral to unstable, the recirculation region exhibits a 

decreasing tendency. 

 

Fig. 9. Contours of normalized velocity in the vertical centerplane under a) 1/L = 1/152.4 m-1; 

b) 1/L = 1/1071.7 m-1; c) 1/L = 0 m-1; d) 1/L = -1/296.3 m-1. 
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Fig. 10. Contours of normalized turbulent kinetic energy in the vertical centerplane under a) 

1/L = 1/152.4 m-1; b) 1/L = 1/1071.7 m-1; c) 1/L = 0 m-1; d) 1/L = -1/296.3 m-1. 

 

For the k fields, as the unstable condition investigated in the present work has a larger 

value of k at the inlet, especially in the higher region (recalling Fig. 3(c)), the largest normalized 

k is identified in the unstable condition. However, under stable conditions, due to the higher 

velocity gradient in the vertical direction, the normalized k above and behind the building can 

also have a similar magnitude as that in the unstable condition, as shown in Fig. 10. The 

maximum k always appears at the leading edge of the building. 

The relative temperatures T – T0 are shown in Fig. 11, where 𝑇଴ is the near-ground air 
temperature. As the background temperature in the strongly stable condition is more uniform, 

a separate color bar is employed here, whereas the other three cases share a color bar ranging 

from -1 to 5 K. The building’s leeward edge always sees a higher temperature due to the 

entrainment of warmer air. To better illustrate how the presence of a building influences the 

temperature field under different thermal stratifications, the temperature variations under the 

four stabilities are compared in Fig. 12 in terms of T - Tinlet where Tinlet depends on the stability 

and the vertical coordinate z. Such a temperature field is mainly decided by the mixture of the 
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air at different heights. For the slightly stable, neutral and unstable conditions (in which the 

airflow at a higher level is cooler than that at a lower level; see Fig. 3), in the front of the 

building, due to the downward cooler air flow, negative variations of (T - Tinlet) can be identified 

around the windward surface of the building at the pedestrian-level; the downstream of the 

building can also see negative variations of (T - Tinlet) due to the vortex; while the positive 

variations around the building’s leeward leading edge can be attributed to the upward warmer 

airflow from the lower level. Such a tendency is more pronounced when the stability varies 

from slightly stable over neutral to unstable as shown in Fig. 12(b) – (d). The temperature 

pattern in the case of the strongly stable condition is different because the flow temperature is 

more uniform at its inlet (see Fig. 3(b)), and the variations around the building and in the 

building’s downstream are generally positive due to the downward warmer airflow (as shown 

in Fig. 12(a)). Note that the positive variation means that the temperature is higher than the 

temperature of the same level at the inlet but does not imply that the flow is heated. 

 

Fig. 11. Contours of relative temperature in the vertical centerplane under a) 1/L = 1/152.4 m-

1; b) 1/L = 1/1071.7 m-1; c) 1/L = 0 m-1; d) 1/L = -1/296.3 m-1. 
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Fig. 12. Contours of temperature difference in the vertical centerplane under a) 1/L = 1/152.4 

m-1; b) 1/L = 1/1071.7 m-1; c) 1/L = 0 m-1; d) 1/L = -1/296.3 m-1. 

 

Fig. 9 and Fig. 11 also show that the velocity components (in streamwise and vertical 

directions) and temperature are spatially varying due to the presence of the building, the 

resultant 𝐶ఌଷ is spatially varying too, but not like that determined by the stability at the domain 
inlet. It should be emphasized again that the modeling of the flow around the rectangular 

building is to check if the standard k-ε with proposed 𝐶ఌଷ can respond to the obstacle and 
variable temperature gradient in the incident region. The modeling results do not show apparent 

conflict. 

 

5. Summary and conclusions 

This paper aims to provide a generic and more widely applicable solution to maintain 
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horizontal homogeneity in the CFD modeling of MOST-based stratified ABL flow. This 

solution should not only maintain the vertical profiles of U, k, ε and T over uniformly rough flat 

terrain, but also properly respond to the spatially varying temperature and coordinates in 

practical problems. The contributions to obtain this objective are summarized as follows: 

 The ε profile under unstable conditions is modified. 

 For the stratified ABL over uniformly rough flat terrain, the analytical solutions of 𝐺௕ 

(the production of k due to buoyancy) are −
ఘ

఑
∙ 𝑢∗

ଷ ∙
ଵ

௅
 under stable conditions and −

ఘ

఑
∙

𝑢∗
ଷ ∙

ଵ

௅ఞ
 under unstable conditions. 

 For the stratified ABL over uniformly rough flat terrain, the analytical solutions of the Ri 

number are 

௭

௅

1 + 5
௭

௅

൙  in stable conditions and 
௭

௅
 in unstable conditions. 

 The discrepancy in the governing equation for ε, which is the main reason for the failure 
to maintain horizontal homogeneity under thermal stratification, is explicitly calculated 
for stable and unstable conditions. 

This paper finally proposes a new description of the coefficient 𝐶ఌଷ, which appears in the 

buoyancy term in the ε equation. Horizontal homogeneity tests are first conducted in an empty 

computational domain for four stability conditions (covering all three stabilities, the 

corresponding values of 1
𝐿ൗ   are 1/152.4 m-1, 1/1071.7 m-1, 0 m-1 and -1/296.3 m-1, 

respectively). In conclusion, the standard k-ε turbulence model with the new 𝐶ఌଷ  can well 

maintain the profiles of U, ε and T while only the k profiles observe minor deviations. For all 

tested stabilities, the errors of k at heights of 2 m and 20 m are not larger than 5%, while for 

stable and neutral conditions, the errors of k are lower than 2%. The performance of the 

proposed solution is also successfully demonstrated by modeling the flow around a rectangular 
building under thermal stratification. 

The consistency problem between Monin-Obukhov similarity theory and the standard k-ε 

model results in the failure to maintain horizontal homogeneity for the CFD simulation of the 

stratified ABL. Nevertheless, this inconsistency also indicates that the standard k-ε model with 

previous treatments of Cε3 may be unable to correctly predict the MOST-based stratified ABL 

since the correct velocity and turbulence properties within the computational domain should be 

the numerical solution to the governing equations of k and ε, whereas, for the MOST-based 

stratified ABL, this requirement cannot be satisfied even for the most ideal and simplified case 
of uniformly rough flat terrain. From this perspective, this work proposes a potential solution. 
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To maintain horizontal homogeneity, the MOST boundary condition and the standard k-ε 

model are made consistent by a mathematical derivation. Minor consistency discrepancies still 

persist, resulting in deviations, especially in the k profiles. Further and future modifications can 

still be made in 𝐶ఌଷ or in the buoyancy term in the governing equations for k and ε, but for 
these additional theoretical analyses are required. 
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Appendix A 

Table A1 

Deviations of U, k, ε and T in the horizontal homogeneity tests. 

   100 m 500 m 1000 m 2500 m 5000 m 

1/
L

 =
 1

/1
52

.4
 m

-1
 

U 

(ms-1) 

z = 2 m 0.03 0.05 0.09 0.11 0.13 

z = 20 m -0.01 -0.01 -0.02 0.00 0.03 

T 

(K) 

z = 2 m 0.01 0.01 0.02 0.03 0.03 

z = 20 m 0.00 0.00 0.00 0.01 0.01 

k 

(m2s-2) 

z = 2 m 0.00 -0.01 -0.01 -0.00 0.01 

z = 20 m 0.00 0.00 0.01 0.01 0.01 

ε z = 2 m 0.00 -0.01 -0.01 -0.00 0.00 
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(m2s-3) z = 20 m 0.00 0.00 0.00 0.00 0.00 

1/
L

 =
 1

/1
07

1.
7 

m
-1

 
U 

(ms-1) 

z = 2 m 0.02 0.03 0.05 0.10 0.16 

z = 20 m -0.02 -0.02 -0.02 0.00 0.04 

T 

(K) 

z = 2 m 0.00 0.01 0.02 0.03 0.03 

z = 20 m 0.00 0.00 0.00 0.01 0.01 

k 

(m2s-2) 

z = 2 m 0.00 0.00 0.01 0.00 0.00 

z = 20 m 0.00 0.00 0.01 0.00 0.00 

ε 

(m2s-3) 

z = 2 m -0.01 -0.01 -0.01 0.00 0.00 

z = 20 m 0.00 0.00 0.00 0.00 0.00 

1/
L

 =
 0

 m
-1

 

U 

(ms-1) 

z = 2 m 0.04 0.05 0.05 0.08 0.12 

z = 20 m -0.02 -0.01 -0.01 0.00 0.03 

T 

(K) 

z = 2 m 0.00 0.00 -0.01 -0.02 -0.03 

z = 20 m 0.00 0.00 0.00 0.00 0.00 

k 

(m2s-2) 

z = 2 m 0.00 0.00 -0.01 0.01 -0.01 

z = 20 m 0.00 0.00 0.01 0.01 -0.01 

ε 

(m2s-3) 

z = 2 m -0.02 -0.02 -0.01 -0.01 -0.01 

z = 20 m 0.00 0.00 0.00 0.00 0.00 

1/
L

 =
 -

1/
29

6.
3 

m
-1

 

U 

(ms-1) 

z = 2 m 0.05 0.08 0.12 0.15 0.18 

z = 20 m -0.02 0.02 0.02 0.06 0.10 

T 

(K) 

z = 2 m -0.05 -0.11 -0.12 -0.13 -0.13 

z = 20 m 0.01 0.00 -0.01 -0.02 -0.01 

k 

(m2s-2) 

z = 2 m -0.01 -0.06 -0.07 -0.05 -0.04 

z = 20 m 0.00 -0.01 0.02 0.01 0.06 

ε 

(m2s-3) 

z = 2 m -0.04 -0.02 -0.01 -0.01 -0.01 

z = 20 m 0.00 0.00 0.00 0.00 0.00 
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Appendix B 

DEFINE_SOURCE(TED_source_buoyancy, c, t, dS, eqn) 

{ 

  real source; 

  real mut = C_MU_T(c,t); 

  real tke = C_K(c,t); 

  real ted = C_D(c,t); 

  real Gb; 

  

  real t_gradient = C_T_RG(c,t)[VER]; 

  /* returns the temperature gradient in vertical direction */ 

  real du_dy = C_U_RG(c,t)[VER]; 

  real dv_dy = C_W_RG(c,t)[VER];  

  real Ri; 

  

  Gb = -9.81*mut*(t_gradient + 9.81/1006.43)/(T_ref); 

   Ri = -9.81*(t_gradient + 9.81/1006.43)/(T_ref*(du_dy + dv_dy)*(du_dy + dv_dy)); 

  source = (5.8/cosh(10*Ri))*ted*(Gb/tke)*(1.44-1.92); 

  /* the source term is a bit different from Eq. 52 as Ansys Fluent has another manner */ 

   dS[eqn] = (5.8/cosh(Ri))*(Gb/tke)*(1.44-1.92); 

  return source; 

} 
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